Abstract. We obtain a recursive formula for the number of rational degree d curves in P 3 , whose image lies in a P 2 , passing through r lines and s points, where r + 2s = 3d + 2. This can be viewed as a family version of the classical question of counting rational curves in P 2 . We verify that our numbers are consistent with those obtained by T. Laarakker, where he studies the parallel question of counting δ-nodal degree d curves in P 3 whose image lies inside a P 2 . Our numbers give evidence to support the conjecture, that the polynomials obtained by T. Laarakker are enumerative when
− δ generic points? The question was studied more than a hundred years ago by Zeuthen ([21] ) and has been studied extensively in the last thirty years by Ran ([16] , [15] ), Vainsencher ([20] ), Caporaso-Harris ( [4] ), Kazarian ([8] ), Kleiman and Piene ( [9] ), Florian Block ( [2] ), Tzeng and Li ( [18] , [19] ), Kool, Shende and Thomas ( [13] ), Berczi ( [1] ) and Fomin and Mikhalkin ( [6] ), amongst others. This question has been investigated from several perspectives and is very well understood.
The problem motivates a natural generalization considered by Kleiman and Piene in [10] , where they study the enumerative geometry of singular curves in a moving family of surfaces. More recently, this question has been studied further by T. Laarakker in [14] , where he obtains a formula for the following number: how many degree d curves are there in P 3 whose image lies in a P 2 , that pass through as a family version of the classical problem of computing N δ d . Motivated by the papers of Kleiman and Piene ( [10] ) and T. Laarakker ([14] ), we have studied the parallel question of counting stable rational maps into a family of moving target spaces. This can be viewed as a family version of the famous question of enumerating rational curves in P 2 , that was studied by KontsevichManin ( [12] ) and Ruan-Tian ( [17] ). The main result of our paper is as follows:
(r, s) be the number of genus zero, degree d curves in P 3 , whose image lies in a P 2 , intersecting r generic lines and s generic points (where r + 2s = 3d + 2). We have a recursive formula to compute N
Remark 1.2. Note that for d = 1, the corresponding question is classical Schubert calculus and there r + 2s = 4 as opposed to 5. Remark 1.3. We note that when s = 3 and d ≥ 2, the number N
is the number of rational curves in P 2 through 3d−1 points; this is because 3 generic points in P 3 determine a unique P 2 . We also note that when s > 3, N
is zero, since 4 or more generic points do not lie in a plane.
We have written a mathematica program to implement our formula; the program is available on our web page https://www.sites.google.com/site/ritwik371/home.
In section 4, we verify that the numbers we compute are logically consistent with those obtained by T. Laarakker in [14] till d = 6. This gives strong evidence to support the conjecture that his formulas for δ-nodal planar degree d curves in P [14] ). Starting from d = 7, we can not use the result of [14] to make any consistency check, since the corresponding nodal polynomial is not expected to be enumerative (due to the presence of double lines); this is explained in section 4.
Notation
Let us define a planar curve in P 3 to be a curve, whose image lies inside a P 2 . We will now develop some notation to describe the space of planar curves of a given degree d.
Let us denote the dual of P 3 byP 3 ; this is the space of P 2 inside P 3 . An element ofP 3 can be thought of as a non zero linear functional η : C 4 −→ C upto scaling (i.e., it is the projectivization of the dual of C 4 ). Given such an η, we define the projectivization of its zero set as P 2 η . In other words, P 2 η := P(η −1 (0)).
Note that this P 2 η is a subset of P 3 . Next, when d ≥ 2, we define the moduli space of planar degree d curves into P 3 as a fibre bundle overP 3 . More precisely, we define
to be the fiber bundle, such that
Here we are using the standard notation to denote M 0,k (X, β) to be the moduli space of genus zero stable maps, representing the class β ∈ H 2 (X, Z) and M 0,k (X, β) to be its stable map compactification. Since the dimension of a fiber bundle is dimension of the base, plus the dimension of the fiber, we conclude that the dimension of M Planar 0,k (P 3 , d) is 3d + 2 + k. Next, we note that the space of planes in P 3 can also be thought of as the Grassmanian G(3, 4). Let γ 3,4 denote the tautological three plane bundle over the Grassmanian. Since G(3, 4) can be identified withP 3 , we can think of γ 3,4 as a bundle overP
We note that an element of M Planar 0,0
where L is a line in P 3 and H is a plane containing L. Since a line is not contained in a unique plane,
is not the same as the space of lines; infact we note that the space of lines is 4 dimensional, while the dimension of M Planar 0,0
We will now define a few numbers by intersecting cycles on M 
) that corresponds to the subspace of curves passing through a generic line and a point respectively. We also denote a to be the standard generator of H * (P 3 ; Z). Let us now define
We formally define the the left hand side of (2.1) to be zero if r + 2s + θ = 3d + 2 (since the right hand side of (2.1) doesn't make sense unless r + 2s + θ = 3d + 2). Note that when θ = 0, r + 2s = 3d + 2 and d ≥ 2, N P 3 ,Planar d (r, s, 0) is precisely equal to the number of rational planar degree d-curves in P 3 intersecting r generic lines and s generic points.
Next, we will define a number B d1,d2 (r 1 , s 1 , r 2 , s 2 , θ) by intersecting it on the product of two moduli spaces as follows:
Here ∆ denotes the class of the diagonal inP 3 ×P 3 and π 1 and π 2 are the obvious projection maps. Again, we formally define the left hand side of (2.2) to be zero, unless r 1 + 2s 1 + r 2 + 2s 2 + θ = 3d 1 + 3d 2 + 4 (since in that case, the right hand side doesn't make sense). Note that when θ = 0 and r 1 + 2s 1 + r 2 + 2s 2 = 3d 1 + 3d 2 + 4, the number B d1,d2 (r 1 , s 1 , r 2 , s 2 , 0) denotes the number of two component rational curves in P 3 of degree (d 1 , d 2 ), such that the two components intersect and lie in a common plane and the d i component intersects r i lines and s i points, for i = 1 and 2.
Recursive Formula and its Proof
We are now ready to state our recursion formula In the remaining case when r + 2s + θ = 3d + 2, s ≤ 3 and θ ≤ 3, we have 
(r 2 , s 2 , θ + 3 − i). .1)). Next, when s > 3, we note that there can not be any planar curves, because 4 generic points do not lie on a plane. Finally, we note that a θ = 0 ∈ H * (P 3 ; Z) if θ > 3, which proves the last equality.
We now justify the main thing, which is equation (3.4). The idea is very similar to the idea used to compute the number of rational degree d curves in P 2 (and also P 3 ) that is given in [12] , [5] and [7] . As in the case of counting curves in P 2 , let us first consider M 0,4 . This space is isomorphic to P 1 ; hence we have equivalence of the following divisors
Here (x 1 x 2 |x 3 x 4 ) denotes the domain which is a wedge of two spheres with the marked points x 1 and x 2 on the first sphere and x 3 and x 4 on the second sphere. The domain (x 1 x 3 |x 2 x 4 ) is defined similarly. Since M 0,4 ≈ P 1 is path connected, any two points determine the same divisor.
Let us now consider the projection map
We define a cycle Z in M Planar 0,4
where [H] and [L] denote the class of a hyperplane and a line in P 3 , ev i denotes the evaluation map at the i th marked point and a denotes the generator of H * (P 3 ; Z).
Let us now intersect the cycle Z by pulling back the left hand side of (3.6), via π. We now note that
where in the above expression,
where as before
We now note that equations (3.6), (3.7) and (3.8), imply our desired recursive formula (3.4).
Next, we will justify the formula for B d1,d2 (r 1 , s 1 , r 2 , s 2 , θ) (equation (3.5)). This follows immediately from the fact that the class of the diagonal is given by
where a denotes the generator of H * (P 3 ; Z) and π 1 , π 2 denote the respective projection maps. The formula now follows immediately from the definition of 
The reason is explained in [22, Page 18] . Here a is the standard generator of H * (P 3 ; Z). Next, we note that a i = 0 if i > 3. Hence, the cohomology ring of H * (P(γ * 3,4 )) is given by
whereγ −→ P(γ * 3,4 ) is the tautological line bundle over the projectivized bundle P(γ * 3,4 ) and λ := c 1 (γ * ) ∈ H * (P(γ * 3,4 )). This follows from [3, Page 270] . We now note the following two important facts: intersecting a generic line, corresponds to the cycle
Furthermore, passing through a generic point, corresponds to the cycle
The reason for this can again be found in [22, Pages 18 and 19] . Hence, to compute N P 3 ,Planar 1 (r, s, θ) we have to compute the expression
use the relationship
and extract the coefficient of λ 2 a 3 . This gives us all the numbers for various values of r, s and θ.
Proof of Lemma 3.2: First we note that every conic in P 3 lies inside a unique plane (except a double line). Hence, let us consider the projective bundle
This space P(Sym 2 (γ * 3,4 )) is the space of conics in P 3 and a plane that contains the conic. The space of all smooth conics form an open dense subspace of P(Sym 2 (γ * 3,4 )). Hence, to compute the numbers N P 3 ,Planar 2 (r, s, θ) (which is defined as an intersection number on M Planar 0,0 (P 3 , 2)), we can instead compute the relevant intersection number on P(Sym 2 (γ * 3,4 )). Next, we note that P(Sym 2 (γ * 3,4 )) is a P 5 bundle overP 3 . The cohomology ring structure of the total space is given by
(3.10)
This follows from splitting principle (see page 275 in [3] ). We now note the following two important facts: intersecting a generic line, corresponds to the cycle
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